A Hermitian symplectic manifold is a complex manifold endowed with a symplectic form ω, for which the bilinear form ω(I·, ·) is positive definite. In this work we prove dd c -lemma for 1-and (1,1)-forms for compact Hermitian symplectic manifolds of dimension 3. This shows that Albanese map for such manifolds is well-defined and allows one to prove Kählerness if the dimension of the Albanese image of a manifold is maximal.
Introduction
A Hermitian symplectic manifold is a complex manifold (M, I) together with a symplectic form ω, for which the bilinear form ω(I·, ·) is positive definite (that is, ω(IX, X) > 0 for any vector field X on M). Any Kähler manifold is obviously Hermitian symplectic, and it is an open problem whether there exist other examples of Hermitian symplectic manifolds. Hermitian symplectic manifolds were studied by Streets and Tian in [ST2] and [ST1] ; they constructed an appropriate Ricci flow on Hermitian symplectic manifolds, and studied its convergency properties. Since then, many people searched for non-trivial examples of Hermitian symplectic manifolds.
The search for non-Kähler examples of Hermitian symplectic manifolds was vigorous, but ultimately unsuccessful. All common sources of examples of non-Kähler manifolds were tapped at some point.
For complex dimension 2, Hermitian symplectic structures are all Kähler. This was shown by Streets and Tian in [ST2] . Another proof could be obtained from the Lamari ( [L] ) result about existence of positive, exact (1, 1)-current on any non-Kähler complex surface.
In [Pe] , it was shown that any non-Kähler Moishezon manifold admits an exact, positive (n−1, n−1)-current; therefore, Moishezon manifolds which are Hermitian symplectic are also Kähler.
In [EFV] it was shown that no complex nilmanifold can admit a Hermitian symplectic structure, and in [FKV] this result was extended to all complex solvmanifolds and Oeljeklaus-Toma manifolds.
Existence of Kähler metric implies some restrictions on the cohomology of a manifold: for example the Frölicher spectral sequence of Kähler manifold always degenerates at the first page. Results of Cavalcanti ([Ca] ) show that the Frölicher spectral sequence for Hermitian symplectic manifolds degenerates at the first page.
In this work we define some Laplacian-like operators, kernels of which conjecturally isomorphic to the spaces of cohomology, and, with the help of these operators, prove dd clemma for (1,1)-forms on Hermitian symplectic threefolds. Argument of Gauduchon ([G] ) shows that dd c -lemma for (1,1)-forms is equivalent to the equality b 1 = 2h 0,1 . It follows that the Albanese map is well-defined and, if its image is not a point, the generic fiber of Alb is Kähler. The question of existence of special (e.g. Kähler or balanced) metrics on total spaces of maps with Kähler base and fibers is studied, for example, in [HL] and [Mi] . Using the Albanese map, we are able to prove that if a Hermitian symplectic threefold M has dim Alb(M) = 3, then it admits a Kähler metric, and if dim Alb(M) = 1, M is balanced. If dd c -lemma holds for (2, 2)-forms, then by [HL] dim Alb(M) = 2 would imply that M is Kähler, but, unfortunately, we have not proven dd c -lemma in full generality yet.
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1 Preliminaries Definition 1.1: Let M be a smooth manifold of dimension 2n, I : T M −→ T M an integrable complex structure, A p,q the corresponding Hodge decomposition on the bundle of differential forms:
We will say that ω 1,1 is Hermitian if the tensor h(·, ·) := ω 1,1 (·, I·) is a Riemannian metric on M, and we will say that ω 1,1 is Hermitian symplectic if there exists a symplectic form ω such that ω 1,1 is the (1,1)-component in the Hodge decomposition of ω. If M is endowed with such I and ω 1,1 , we will call it a Hermitian symplectic manifold.
For a Hermitian symplectic manifold (M, I, ω), let d :
the adjoint operator ( [YT] ). In the local Darboux coordinates p i , q i where ω = dp i ∧dq i , operator Λ looks like
. We will denote by L 1,1 the operator of multiplication by the hermitian form ω 1,1 , and by Λ 1,1 the adjoint operator to L 1,1 .
Lemma 1.2:
The form ω 1,1 is the SKT form, that is, ∂∂ω 1,1 = 0.
Proof: Let ω = ω 1,1 + α, where α lies in A 2,0 ⊕ A 0,2 . Since dω = 0, ∂ω 1,1 = −∂α and ∂∂ω 1,1 = ∂ 2 α = 0. Definition 1.3: Let α be a differential form on M. We will say that α is primitive with respect to ω if Λα = 0, and that α is primitive with respect to ω 1,1 if Λ 1,1 α = 0.
Lemma 1.4: (The Weil identities). Let B p,q be a primitive with respect to ω 1,1 (p, q)-form, p + q = r. Then the following formula holds ( [Vo, Proposition 6.29] 
Definition 1.5: An operator ∆ defined as double graded commutator, ∆ := {d, {d c , Λ 1,1 }} is called the Hermitian symplectic Laplacian. Remark 1.6: ∆ is not a Laplacian associated to the Riemannian metric h. Nevertheless they differ by a differential operator of first order (see e.g. [LY] for the exact formula), therefore they have equal symbols, so ∆ is elliptic.
Recall the graded Jacobi identity for the graded commutator: 
Forms on a Hermitian symplectic manifold
In this section M is assumed to be compact. We will now investigate whether holomorphic forms on M are closed. Lemma 2.2: Let the n be the complex dimension of M. Then every holomorphic n − 2-form is closed.
Proof: Let α be a holomorphic n − 2-form, α ∈ A n−2,0 , ∂α = 0. Then dα = ∂α is primitive with respec to ω 1,1 , by dimension reasons. So, by Weil identities,
Hence α is closed.
Remark 2.3: Obviously, on any compact complex manifold of complex dimension n, every holomorphic function and every holomorphic n-form is closed. Every holomorphic n − 1-form is also closed, as the simple argument with the integration shows. So, any holomorphic form on a Hermitian symplectic threefold is closed. Lemma 3.1: In notations as above, α =0 is dd c -exact.
Proof: by Lemma 1.7, ∆ −1 commutes with d and d c , so
Lemma 3.2: Suppose exact (1,1)-form η = dγ lies in the kernel of ∆ 1,1 . Then η is primitive (with respect both to ω and to ω 1,1 ).
Proof: ∆η = dd c Λ 1,1 η = 0, so, by Hopf maximum principle [GT] Λ 1,1 η = c, where c is some constant. It means that Λη also equals c. If Λη = c, then η = cω +B, where B is a primitive form. Since η = dγ, the cohomology classes of cω and B are equal, but the cohomology class of a symplectic form cannot be represented by a primitive form. Indeed, ω ∧ ω n−1 is a volume form, hence nonzero in cohomology, but B ∧ ω n−1 = 0. So c = 0 and η is primitive.
Proof: Note first that, since η is primitive with respect to ω, it is primitive with respect to ω 1,1 , so, by Weil identities, * η = η ∧ (ω 1,1 ) ∧n−2 , where * is the Hodge star operator associated with the Hermitian metric h with corresponding 2-form equal to ω 1,1
But dd c ω 1,1 = 0 on a Hermitian symplectic manifold, so the integral vanishes. Since h is a hermitian metric, η also equals to zero.
Lemma 3.4: Let dim(M) = 3. Suppose that an exact (1,1)-form η = dγ lies in the kernel of (∆) n , n > 1. Then η lies in the kernel of (∆) n−1 .
Proof: (∆) n−1 η is an exact (1,1)-form lying in the kernel of ∆, so, by Lemma 3.2 it is primitive. Since dη = d c η = 0, (∆) n−1 η = (dd c Λ) n−1 η, it is dd c -exact, therefore, by Lemma 3.3, it vanishes.
In order to complete the proof of dd c -lemma for (1,1)-forms on Hermitian symplectic manifolds, we have to prove that an exact, primitive (1,1)-form vanishes.
Lemma 3.5: Let M be a Hermitian symplectic manifold of dimension 3, η be an exact, primitive (1,1)-form on M. Then η = 0.
Proof: Square of Hermitian norm of η is equal to η ∧ η ∧ ω 1,1 , but in dimension 3 we have the equality η ∧ η ∧ ω 1,1 = η ∧ η ∧ ω; the latter form is exact, therefore η = 0. 
It is well-known that
c -lemma for (1, 1)-forms holds if and only if the third arrow is an isomorphism, and, by exactness, if and only if the first arrow is an isomorphism.
So, the equality b 1 = 2h 1,0 holds on compact Hermitian symplectic threefolds.
It follows that we have the Hodge decomposition on the first cohomology of M:
, and dim H 0,1 = dim H 1,0 . So the rank of the abelian group H 1 (M, Z) is equal to the dimension of the real vector space H 0,1 (M). It follows that the Albanese torus is defined correctly and we have the Albanese map Alb : Proof: If Alb(M) is smooth, then Alb is an immersion, and pullback of the Kähler form Alb * ω is the Kähler form on M. Otherwise, we can desingularize the morphism Alb to obtain the Kähler metric on some manifoldM bimeromorphic to M (M is then a manifold in the Fujiki class C). On the other hand, M admits an SKT structure (Lemma 1.2). From the theorem of Chiose ([Ch] ) it follows that M is Kähler. * Vol C is a closed, non-exact (1, 1)-form on M. By dd c -lemma for (1, 1)-forms and Remark 2.3, it could not be cohomologous to a form of type (2, 0) + (0, 2). By a theorem of Michelsohn ([Mi] ), in that situation there exists a balanced metric on M, that is, a Hermitian form ω such that dω dim M −1 = 0. Actually, the smoothness of C is not necessary, because a manifold bimeromorphic to a balanced manifold is balanced itself ( [AB] ).
